Abstract: Using the new data based controller design technique recently introduced, we design PID controllers for a magnetic levitation experiment. The frequency response experimental data was collected for a finite range of frequencies that is appropriate for the system response. Using this frequency response data, the entire set of stabilizing PID controllers is determined. From this stabilizing set, PID gains are computed to satisfy multiple performance specifications and the corresponding controller is implemented to experimentally validate and illustrate the performance of the closed-loop system.
INTRODUCTION
In classical control, design was carried out by analyzing the frequency domain behavior of the open-loop system and reshaping the frequency response with a cascaded controller (Bode [1945] , Nyquist [1932] ). Later, this type of measurement based control design was replaced by the more mathematically rigorous model-based control design techniques of modern control theory. In fact, almost all well-known modern design techniques based on state space approaches, state feedback control, and quadratic optimization are model-based (Kalman [1960] , Doyle et al. [1989] ). The clear advantage of this model-based approach over the ad-hoc approaches of classical control is that stability and optimality could be guaranteed.
In contrast to classical approaches that find a single controller of fixed order or structure, the modern approach first characterizes the entire set of stabilizing controllers and then searches over it to find a controller that satisfies the desired performance requirements.
In recent years, renewed attempts at fixed order controller design have been increasingly researched due to their importance in applications. A few examples and results are as follows. A generalization of the KYP lemma designed to be valid over prescribed frequency ranges was developed to deal with fixed order controller synthesis , , Hara et al. [2006] ). Neimark's D-Decomposition technique was revisited and applied to design fixed order controllers (Gryazina and Polyak [2005] , Siljak [1969] ). On the other hand, model ⋆ This work was supported in part by DOD Grant W911NF-08-0514 and NSF Grant CMMI-0927664 and CMMI-0927652.
free design of controllers received special attention by researchers in the fuzzy logic and neural network community. However, the main drawback of these approaches is that few guarantees of stability can be provided (Yen and Langari [1999] ). Nevertheless, some notable results on data-based design have been reported as an alternative to model-based design techniques. Ikeda has proposed a model free synthesis approach to fixed order controllers based on time series data (Park and Ikeda [2004] , Yasumasa et al. [2005] ). In Skelton and Shi [1994] , Furuta and Wongsaisuwan [1995] , Chan [1996] , control design based on input output data has also been proposed.
In this paper, we are particularly interested in the data based approach to design PID controllers reported in Keel and Bhattacharyya [2008] . This approach effectively characterizes the entire set of stabilizing PID gains for a given plant to be controlled. The only information that is necessary is the frequency response data and the number of unstable poles or zeros of the plant. The purpose of this paper is to validate this data based control design method with a real-world system. Using realistic data collected, we will show how non-ideal data with limited information can be used to characterize the entire set of stabilizing PID gains for the plant. The plant we use for this test is a magnetic levitation experiment. The system is not capable of operating outside of relatively narrow window of frequency. In other words, it may not be possible to obtain its frequency response data for frequencies lower or higher than certain frequencies. Moreover, the hardware constraints for implementation limit the values of the PID gains to remain inside a small parameter space box.
To proceed, we begin by briefly reviewing in the next section the model free approach to PID controller design given in Keel and Bhattacharyya [2008] .
PRELIMINARIES
Let P denote a LTI plant and P (s) its rational transfer function with z + , p + (z − , p − ) denoting the numbers of RHP (LHP) zeros and poles, n(m) the denominator (numerator) degrees. Let the relative degree be denoted r P :
We defined the signature of P is:
Lemma 1.
where P db (ω) := 20 log 10 |P (ω)|.
Assuming that P (s) has no ω axis poles and zeros, we can also write
Therefore z + − p + can be determined from the Bode plot of P. In particular if P (s) is stable the Bode plot can often be obtained experimentally by measuring the frequency response of the system. Then the above relations with p + = 0 determine z + from the Bode plot data. Now suppose that P is an unstable LTI plant with a rational transfer function unknown to us and assume that P does not have imaginary axis poles and zeros. We assume however that a known feedback controller C(s) stabilizes P and the closed-loop frequency response can be measured and is denoted by G(ω) for ω ∈ [0, ∞). Then
is the computed frequency response of the unstable plant. The next result shows that knowledge of C(s) and G(ω) is sufficient to determine the numbers z + and p + , that is the numbers of RHP zeros and poles of the plant. Let z + c denote the number of RHP zeros of C(s).
Theorem 1.
Here, we assume that a stabilizing controller C(s) is known, and the corresponding closed-loop frequency response G(ω) for ω ∈ [0, ∞) can be measured. Thus, P (ω) can be computed from (5). Now r P and σ(G) can be found by applying the results of Lemma 1 to P (ω) and G(ω), respectively. r C and z + c are known as C(s) is known. Therefore, z + and p + can be found.
DATA BASED PID CONTROLLER DESIGN
In this section, we consider the synthesis and design of PID controllers for a continuous-time LTI plant, with underlying transfer function P (s) with n(m) poles (zeros). (see Fig. 1 ).
PID controller LTI system + − Fig. 1 . A unity feedback system with a PID controller
We assume that the only information available to the designer is:
1. Knowledge of the frequency response magnitude and phase, equivalently, P (ω), ω ∈ [0, ∞) if the plant is stable. 2. Knowledge of a known stabilizing controller and the corresponding closed loop frequency response G(ω).
where |P (ω)| denotes the magnitude and φ(ω) the phase of the plant, at the frequency ω.
Let the PID controller be of the form
where T is assumed to be fixed and small. We now present results for developing our procedure for determining the stabilizing set.
Then closed-loop stability is equivalent to σ F (s) = n − m + 2z + + 2.
Writē
Theorem 2. Let ω 1 < ω 2 < · · · < ω l−1 denote the distinct frequencies of odd multiplicities which are solutions of
or
for fixed K p = K * p . Let ω 0 = 0 and ω l = ∞, and
with i t ∈ {+1, −1} such that:
• For n − m even,
Then for the fixed
where the i t 's are taken from strings satisfying (14) and (15), and ω t 's are taken from the solutions of (12).
The following result clarifies what range the parameters K p must be swept over.
Theorem 3. For the given function g(ω) in (13) determined completely by the plant data P (ω) and T :
(1) A necessary condition for PID stabilization is that there exists K p such that the function
has at least k distinct roots of odd multiplicities where
(2) There exists unique range of ω ∈ (ω min , ω max ) over which the condition (1) occurs and this determines the range of ω to be swept.
(3) Every K p belonging to the stabilizing set of PID parameters lies in the range
where ω = (ω min , ω max ).
Remark 1
The function g(ω) is well defined due to the assumption that the plant either has no ω zeros or these have been lumped with the controller. The frequency ω max can be selected as any frequency after which g(ω) continues to grow monotonically. This determines the range of frequencies over which the P (ω) data of the plant should be known accurately. Note that the ranges (ω min , ω max ) and (K min p , K max p ) can consist of multiple segments.
The computation of the stabilizing set implied by the above results is summarized as the following procedure.
Computation of PID Stabilizing Set from Nyquist -Bode Data
The complete set of stabilizing PID gains can be computed by the following procedure: For stable systems, the available data is the frequency response of the plant P (ω).
1. Determine the relative degree of the plant r P = n−m from the high frequency slope of the Bode magnitude plot of P (ω).
+ π 2 which follows from (4) with p + = 0. 3. Fix K p = K * p , solve (13) and let ω 1 < ω 2 < · · · < ω l−1 denote the distinct frequencies of odd multiplicities which are solutions of (13). 4. Set ω 0 = 0, ω l = ∞ and j = sgnF i (−∞ − , K * p ). Determine all strings of integers i t ∈ {+1, −1} such that:
· For n − m even,
5. For the fixed K p = K * p chosen in Step 1, solve for the stabilizing (K i , K d ) values from
for t = 0, 1, · · · , l. 6. Repeat the previous three steps by updating K p over prescribed ranges. The ranges over which K p must be swept is determined from the requirements that (20) or (21) is satisfied for at least one string of integers as in Theorem 3.
We emphasize that all computations are based on the data P (ω) and knowledge of the transfer function P (s) is not required. For well-posedness of the loop, it is necessary that
.
For strictly proper plants, P (∞) = 0 and this constraint vanishes.
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Remark 2 The procedure for unstable plants is found in Keel and Bhattacharyya [2008] .
A MAGNETIC LEVITATION EXPERIMENT
The plant shown in Fig. 3 consists of upper and lower drive coils that produce a magnetic field in response to a DC current (see Parks [2010] ). One or two magnetic discs travel along a precision glass guide rod. By energizing the lower coil, a single magnetic disc is levitated through a repulsive magnet force. As current in the coil increases, the field strength increases and the levitated magnet height is increased. For the upper coil, the levitating force is attractive. Two magnetic discs may be controlled simultaneously by stacking them on the glass rod. Two laser-based sensors measure the magnet positions. The lower sensor is typically used to measure a given magnet's position relative to the lower coil, and the upper one to the upper coil. It is noted that such a levitation system is typically unstable with poles on the imaginary axis. However, the precision glass guide rod used in this experimental setup provides friction that may not be ignored. For this reason, the plant in consideration is stable. Fig. 4 shows the schematic of the control system.
DATA BASED PID DESIGN FOR A MAGNETIC LEVITATION EXPERIMENT
To obtain the frequency response of the Magnetic Levitation Experiment which is stable (p + = 0), we conducted experiments to collect sets of responses to sinusoidal inputs with various frequencies. It is found that the system is unable to respond to inputs with frequency lower than 0.15Hz or greater than 30Hz. Thus we chose a set of test frequencies between 0.15Hz and 30Hz (or equivalently, approximately 1rad/sec and 200rad/sec). The smallest sampling period used was 0.008854 second that is the limit of the hardware.
From each sinusoidal input, the magnitude and phase of the response are calculated to obtain the following Bode plots (see Fig. 5 ). As shown in the figure, the estimated high frequency slope is approximately -20db/decade (equivalently r p = n − m = 1). It is also shown that from the phase plot in Fig.  5 , the net phase increase is − 2 π . Thus, from (3), we have 2
From (4) and p + = 0,
From this information along with the condition in (15), the stability of the closed-loop system with a PID controller of the form (9) From the condition given in (19), K p must be chosen so that there exists at least one frequency satisfying
It is shown that there will be only one frequency ω t satisfying for K p approximately greater than 1.70. Thus, we have
or the string
This leads to the following sets of inequalities for selected values of K p s.
These lead to the stabilizing parameter space sets shown in Fig. 7 .
Remark 3 Note that the stabilizing region contains the entire first quadrant of K i -K d plane for K p ≥ 1.73. To better illustrate the shape of the stabilizing set, the plot in Fig. 7 shows regions for K p ≤ 1.73.
It is important to note that the experimental hardware limits the values of gains to be implemented. In our experiment, the implementable values of PID gains are limited by: 
Consequently, the stabilizing PID gain sets that are implementable for the given plant is depicted in Fig. 8 . To obtain a controller that results in fast closed-loop system response, we selected several points (PID gains) from the stabilizing set and observed the corresponding responses. The reference position input applied is of 1,500 DAC counts which is equivalent to 1.5cm. Among the points tested, we selected a point (i.e., K d and K i ) from the plane where K p = 1.725 and this controller gain set provides satisfactory time response (Fig. 9 ). 
CONCLUDING REMARKS
Using the magnetic levitation experiment, this paper experimentally validates the data-based design method for PID controllers. The only requirements of the data-based controller design technique are: availability of the frequency domain data P (jω) and the knowledge of the number of unstable poles of the plant to be controlled. Throughout this validation process, we considered several real world constraints. First, the frequency response data is available for only a finite range of frequencies. In general, it is impossible to take the data at too low or too high frequencies. Systems usually do not respond properly at those frequencies. As a result, the collected data becomes too noisy or compromised. It is also often the case that sufficient amount of high frequency data may not be obtainable. In this case, the high frequency slope must be estimated to obtain the knowledge on the relative degree. Nevertheless, our experiment shows these hurdles may be overcome and that the data-based control design technique is promising and may be an excellent alternative to the traditional model-based control design methodology. Research on extending these approaches to multivariable control is ongoing.
